Complex Analysis Complex-Valued Integrals

Integrals of Complex-Valued Functions
Definition, Basic Properties, and the Integral Inequality
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1 Integral of a Complex-Valued Function

For f : [a,b] = C, f(t) = z(t) + iy(t),

/abf(t)dt - /abx(t)dt—i—z'/aby(t)dt

Basic properties.

e Linear: /ab(af(t)+59(t))dt—a/ff(t)dt%—ﬁ/jg(t)dt (a, g € C).

. Additive: / " rt)d + / “ftydt = / ") dt

o Change of variables: if ¢t — g ) is piecewise differentiable and increasing on [c,d] with g(c) = a,

g(d) = b, then / t)dt = / f(g

« Change of orientation: / f(t)dt = —/ f(t)dt
b a

Remark. For real-valued f : [a,b] — R this would just be the observation —|f| < f < |f|; the complex
case needs a different trick.

Proof (the “change of phase” trick). Let M := ff f(t)dt. If M = 0 the inequality is obvious; assume

M # 0. Then
|M|? :Re<M/bf(t) dt) = /bRe (M
b _ ’ ab
[aig@lae=1a [ ae
using that |M|? is real, and Re(w) < |w|. Dividing by |M| # 0 gives |M| < f;’ |f(t)] dt. O
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